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Abstract

In the last decade the Fourier Series estimator in nonparametric regression (one response)
has received a lot of attention from researchers because of its flexibility. In this case, the Derer
Fourier estimator will be developed in two response nonparametric regression (Birespon). Given
pairwise data (tlj,ylj),j =12,..,nyand (tzj,yzj),j = 1,2, ...,n,. The relationship between tij,
t2j, ¥1j, and y, ;follows the Birespon nonparametric regression model:

Yij = fl(tlj) + &1jAnd y3j = [ (th) + &j.

The shape of the regression curve f,is f,unknown and is assumed to be contained in a continuous
function space C(0, ). Random &, jerrors are mutually independent with zero mean and variance
o2, and &; jare also mutually independent with zero mean and variance o2. Errors are random
g jand & jcorrelated with each other C or(sl &2 j) = p. The regression curve fi(t)is
f2(t)successively approximated by a continuous and differentiable function:

1
dl(tlj) = YItlj + anl + Zlk(zl a1, COS ktl]'; And

d, (th) =7Vl + %“02 + ko1 Ao COS kt,;,
V1IER V2 ER ag1 ER, a2 ER, a1x ERk =1,2,...,nq, a3 € R, k = 1,2, ...,n,are unknown
parameters in the Fourier Series model. Estimated Birespon nonparametric regression curve
fi(t)and f,(t)obtained from completing Weighted Penalized Least Square (PLST ) optimization:
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: _ = (N 2 2 _
fkec%#¥k=1,2 {(nl +n,) (): [) W(p. 0%, 03) (3: [)

+4 f [f1t)]*>dty + 4, f [f5(t)]? dtz}-

0 0
The solution to PLST optimization is in the form of a Fourier Series estimator which can be

presented in the form:
., Fa, (80 1
f:l(t) = (flz (t2)> = B(44,4;) <y2>.

The Fourier Series Estimator in Birespon nonparametric regression is a bias for nonparametric

regression curves f(t) = (;18%

which is very helpful in building statistical inference for nonparametric Birespon regression curves.

). Even though it is biased, this estimator is a linear estimator,

Keywords: Fourier Series Estimator, Birespon Nonparametric Regression, Weighted Least
Square Penalization.

INTRODUCTION

Given a nonparametric regression model (one response) y; = f(tj) + ¢t € [a,b],j=
1,2, ...n.the shape of the regression curve fis assumed to be unknown and contained in a certain
function space, such as space Sobolev WJ"|[a, b], space of continuous functions C(0, ), Hilbert
space, Entopy space , and others. Making this assumption depends on the smooth nature of the
function whose pattern is unknown (Budiantara, 2000; 1999). Random ¢;error is assumed to have
an independent distribution with zero mean and variance ¢2. The problem in nonparametric
regression is how to get the estimator form for the regression curve f. In nonparametric
regression, generally the nonparametric estimator form is obtained using a family function
approach (eg orthogonal series (Eubank, 1988), Wavelets (Antoniadis, et al . (2001), Kernel
(Eubank, 1988) and Spline (Budiantara, 2006). Based on this view estimation theory, the family
function approach is generally difficult to obtain the basic statistical basis used in the family
function approach (Budiantara, 2001; 2002; 2005).

Wahba (1990), Wang (1998) and Budiantara (2002), no longer use the family function
approach, but use Penalized optimization which combines Goodness of fit and penalty . The
nonparametric regression estimator is obtained from completing the optimization:

%é’,} {R(f) + @ J(f)}, for a space H.
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Quantity R(f)and J(f)respectively express goodness of fit and a measure of smoothness of
function ( penalty ). The smoothing parameter ( bandwidth ) wcontrols R(f)and J(f). The
nonparametric regression group that often uses this penalized approach is Spline. Because of
these advantages, several other regression groups such as the Fourier Series have also begun to
use the penalized approach , but still combine it with the family function approach (Bilodeau,
1992; Tripenda and Budiantara, 2006).

The Fourier Series Estimator in single response nonparametric regression has received a
lot of attention in recent years from several nonparametric regression researchers. This Fourier
Series Estimator is generally used when the pattern of the data being investigated is unknown and
there is no seasonal pattern trend (Tripena and Budiantara, 2006 and Bilodeau, 1992). In the
Fourier Series estimator, a single-response nonparametric regression curve fis assumed to be
unknown and contained in a continuous function space C(0, ). Random gjerror is assumed to
have an independent normal distribution with zero mean and variance 2. Because f(t)it is
continuous on an interval (0,7), it can be approximated by a function F(t) = yt+%a0 +
Z{‘;l a; cos it, which y, aq, ;.0 = 1,2,.., Kis the model parameters (Bilodeau, 1992). Based on
this Fourier Series model, Bilodeau (1992) provides a Fourier Series estimator for a single response
nonparametric regression curve, in the form:

K

- 1

Fo(t) = (@)t + 5 @0(w) + Z a;(w) cos it,
i=1

obtained @(w) = (}7((0), ap(w), @ (w), ...,&i,((w))’from the equation:
a(w) =M X'X+w6) In"1Xy,
where is Gthe diagonal matrix and Xa coefficient matrix. Furthermore, Tripena and Budiantara

(2016), stated that if the random error from a single-response nonparametric regression model is
normally distributed, then the Fourier Series estimator @(w)and F,,(t)that given by Bilodeau

(1992), have property (i).E, (t) is a bias estimator for nonparametric regression curves f(t). (ii).
E,(t)is a class of linear estimators in observation, and (iii). @(w)and E,(t)each has a normal

distribution.

In several practical problems, we often find regression models that have more than one
response (Response), the pattern of the regression curve is unclear and unknown, and there are
indications of seasonality. Theoretically, the Fourier Series estimator in Birespon nonparametric
regression is a generalization of the Fourier Series estimator in single response nonparametric
regression. Research regarding the Fourier Series estimator in nonparametric Birespon regression

186
IJETER, Volume 02 Issue 03, 2024

Copyright to the author of some rights reserved This work is licensed under aCreative
Commons Attribution-ShareAlike 4.0 International License.



https://e-journal.citakonsultindo.or.id/index.php/IJETER
http://creativecommons.org/licenses/by-sa/4.0/
http://creativecommons.org/licenses/by-sa/4.0/

International Journal of Technology and Education Research

https://e-journal.citakonsultindo.or.id /index.php /IJETER

E-ISSN: 2986-0733

has not been widely developed by researchers. In this article, we will give the form of the Fourier
Series estimator in Birespon nonparametric regression and the properties of this estimator.

RESULT
1. Biresponse Nonparametric Regression and Variance-Covariance Matrix Structure
Given paired data (tlj,ylj), j=12,..,niand (tzj,yzj), Jj =1,2,...,n,. The relationship

between tyj,t,, ¥15and y,jis assumed to follow a nonparametric regression model with two
responses (Birespon ):

yij = f1(tsj) + €1, = 1,2,...,n4

y2j = f2(tzj) + €2j,j = 1,2, ..., n3. (1)
The shape of the regression curve f;is f,unknown and is assumed to be contained in a continuous
function space C(0, ), where:

C(0,m) = {g; g kotinu pada interval (0, )}.

Random &,/ = 1,2, ...,nqerrors are mutually independent with zero mean and variance o?,
random &,;,j = 1,2, ..., nyerrors are also mutually independent with zero mean and variance o2,
Errors are random &;,j =1,2,..,mand &;,j =12, ..,n,correlated with each other

Cor (&,),€;;) = p. The variance-covariance matrix structure of the error can be written as

follows:
2
cp 0 - 0 042 012 = O12
0 o 0 P01 012 v O
. O H : . H
2
W_l 2 2\ _ 0 0 eee () 012 012 - 012
(P’Upaz) = 2 0
021 021 oy o; 0 -
021 021 " g,y O o3
: N 0
2
021 021 ° g1 0 O 03

012

. . g . .
For example, given quantity 8 = g,0,,1r = o—land correlation p = , then covariance g;,can be
2

0102
written as g;, = poy 0, = p#. On the other hand, variance oZand g2sequence can be presented
as:

0% = 0,0, (:—:) =6r,And

2 _ g2 _ 1 _ 1
ot =ou0s(2) = (2] =0 2).
(=)
Thus the variance-covariance matrix W ~1(p, 62, 6 )can be presented as:
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or 0 - 0 6p 6p - 6Op
0 O6r 0 : O6p O6p - Op

Por w0

or 6 (7]

-1 2 2 0 0 - op = 6p

w (P. 01;02) =|6p 6p - 6p - 0 ... o

S S A A 0

6p 6p - 6p 0 O g

The matrix W~1(p, 62, 62)can also be presented as:

rInl E p]nlxnz
w-(p,a},063)=0 ), (2)

. 1
p]nzxnl : T Inz

with the matrix I,, and I, respectively representing the Identity matrix of size n,xn, and n,xn,,

1 : 1
as well as the matrix [, xn, = < : )

1 : 1
Based on this variance-covariance matrix W‘l(p, 012, 022), the form of the Bivariate Fourier Series
estimator in nonparametril Birespon regression will be determined.

2. Bivariate Fourier Series Estimator in Birespon Nonparametric Regression
The nonparametric regression equation Birespon (1) can be expressed in matrix form as

follows:
Y11 f1(t11) £11
Y12 f1(f12) €12
ylnl fl(tlnl) 81111
- o (3)
Y21 f2(tz1) &21
y:22 f2(t22) 8?2
yan fZ (thZ) 821’12

Since the regression curves f; € C(0,m)and f, € C(0,m), then f;(t)and f,(t)can be
approximated respectively by continuous and differentiable functions d, (t)and d,(t), namely:

f1(ty;) = di(t4j).j = 1,2, ...,n;And
fz(th) = dz(tzj),]' =1,2,..,n,,
with :
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1
di(tyj) = ity + 7 %1+ Y k=11 cos kt,;, And (4)
1 K
dy(tzj) = Vata; + 5 @oz + Xj=1 Gk €OS kity;. (5)
The nonparametric regression equation Birespon (3) can be written as:

1 K
Yiti1 +5@01 + Yk=1Q1k COS ktqq

1 K &
Y Yitiz +5Q01 + Yk=1Q1k COS kit 11
Y12 . €12
: 1 : K :
Yin, Yitin, +5 01 + Yk=1Q1x COS ktq,, E1ny
Y21 Yata +5 oz + Yoy @z cOS kityq £21
Y22 2 &2
1
: K :
Y2 tzz + E ag2 + Zk=1 a3y COS ktzz
yan : £2n2

Yalon, + %“02 + Y ko1 @z COS kt;,,
The quantities Y1 ER, Y, ER, a1 ER, Ay, ER, a1x ERk=1,2,...,nq, ayx ER k=
1,2, ..., n,are unknown parameters in the Fourier Series models (4) and (5). Estimated Birespon
nonparametric regression curve f;(t)and f,(t)obtained from completing Weighted Penalized
Least Square (PLST ) optimization:

(r=1) wle.tot) (y-1)

Min —_—
frecom k=12 [(ny + ny)

™ n (7)
21 [P0 dey + 2, [ [73P dtz}-
0 0
Vectors y = (y{,yé) are vectors of size (ny,n,)x;and Vi =
(ykl,ykz, ......... ,yknk)’vectors of size nix,, k = 1.2. Vectors f = (fl’,f2’> are vectors of size
(ny,n)xand fie = (fiop fieys ooe voe oo ,fknk)’vectors of size mpxy, k = 1.2. W(p, 02, 02) weight

matrix of size (n,n,)x(n;, ny)that depends on o2 = (62, 02)'and pis related to equation (2).

Parameters A; and A,are smoothing parameters ( bandwidth ).
To obtain an optimization solution for Equation (7), first describe the components of
Goodness of fit :

6(8)= 6(f) =i (v-1) Weoot.ot) (v-7) ©

n, +n,
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and penalties:

P(B)=P()=PUuf) =4 fo ' [%f1n(t1)]2dt1+/12 jo i E fzn(tz)r w ©

with :

!
_ 2K+4
B = (V1,V2» do1,Uo2,d11,X12, ..., A1, K21, X232, “21{) eR

First, we will describe the components of Goodness of fit . The Birespon nonparametric regression
model in Equation (6) can be presented in the form:

y =B(t;,t;)p + £

with :
41
1
;%01
Y11 €11 a1
Y12 €12 aqy
<J’1> Vin, <€1 E1ny B1 A g
v= ()= e = E>= Pl a5 ) 2 | | ang
~ Y2 Y21 | - 21 |~ éz 1]/2
3’?2 5?2 T
a
y2n2 827’12 ai;
257
B(tli tZ)
t47 1 cost;; cos2t;; .. cosKty 0 O 0 0 0
ti, 1 cost;, cos2t;, .. cosKtq, 0 O 0 0 0
_ | tin, 1 costy, cos2ty,, .. cosKt;, 0 0 0 0 0
- 0 0 0 0 0 t,y, 1 costy; cos2ty; .. cosKty,
0 O 0 0 0 t,, 1 cost,, cos2t,, .. cosKt,,
0 O 0 0 0 tan, 1 costy, C€OS2ty,, ... COSKtyy,
Goodness of fit in Equation (8) can be expressed as:
1 ' (10)
6(8) = ——(y - BtntIB) W(p. 2,09 (y - Bty t08)
~ ny +n, \L ~ ~ ~
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Next, the Penalty will be derived from Equation (9). First, we derive the first penalty term from
Equation (9), as follows:

Because f;(t1) = y1t; + %am + YK _, ayx cos kty, then:

ETROTE (;:1

To solve this integral, first determine the quantity of:

2
d2
(=

1
Yit1 + = Qo1 + a1kC05kt1D
B d\|d
—\dt, |dt,

2
k=1
K
d :
= (d— [yl — Z Qi Sinkty
t k=1

= (XK_, k%ayy cos kt,)?
The final equation gives:

2

1
yiti += am + “1k005kt1]) dt;

2

1
Y1t + Eam + z Q1) COS kt1]}>

k=1
2
J —[f*(t)]?dt, = J <Zk Qq) COS kt1> dt,

K

2 Vs

= —f E (k?ayy coskty)? + 2 E E (k?ayy cos kt;)(j?ayj cos jty) |dty
0

T
k=1 k<j k<j

J Z(k aq cos kty)?dt, + J Z(k ay, cos kty) (j%ay j cos jty)dt, (11)
To solve this equation, first calculate the Integral value of the first term of Equation (11) as follows:

2% (7 2% (7
_ZJ (kzalkCOSktl)zdtl = _ZJ k4afk COSZ ktldtl
Ti=i’o =t

s
Zk4a1kf cos? kt,dt,

1
T 1+ 2coskt
oag, [ (LEROM)
o 2

SRS
i

I
QN
7+

=
1l

1
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—1zn:k4 2 [t +2 i kt]dt
_T[k—l ik 11 ksm 1 1

4
— 4,2
k=1

Next, the Integral value of the second term from Equation (11) is calculated as follows:

Zf (k?ayy, cos kty)(j?ayj cos jty)dt; = ZJ k?j%ay,ay ) cos kt, cos jtydt,

k<j k<j

z(k]) alkaljj cos kt; cos jt,dt,

k<j
Next obtained:
T cos(k+j)t; +cos(k—j)t
fcoskt1c051t1dt1— ( kt))e (k=J) 1>dt1
0
1 T 1
j (ECOS(k +])t1> dt, + j (Ecos(k—j)h) dt,
0
! (sin(k + j) 0)+1 ! (sin(k —j)t —0)
=— sin T — sin - (sin(k — —
2 (k ) g k—j g
=0

As a result'

J (k?ayy, cos kty) (j?ay j cos jty)dt; = j k?j%aqay cos kt, cos jtidt
k<] k<]

4 .
= ;Z(k])zakaj.o =0
k<j
This result gives the Penalty value of the first term of Equation (9):

f g[f1n(t1)]2dt1 = Z k*ad,
0 k=1

The next step is to derive the second Penalty term from Equation (9).

(12)

In a similar way to calculating the penalty in the first term, the penalty value is obtained from
second term in Equation (9).

[ Zirerd, = ) kg,
0 k=1

IJETER, Volume 02 Issue 03, 2024

(13)
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Based on Equations (12) and (13), the Penalty in Equation (9) can be written as:

S O O
—
o o
o o
o o
o o

=1 {\ 14 .. )ﬁ1+ A, ﬁgko 0 1% .. 0)32
0 0 0 K4 0 0 0 .. K*

= A BiDBi 4 A2 B:DB,

! N\ (A1l +2 0 61
= (Bf ﬁf)( 0 ;121“2)(13 g)<32>

~

= B'ADB (14)

(Mg O) « _(D 0\ _ A
_( & ar )0 _(0 D)—Dlag(D,D),And
00 0 0
00 0 0
D=|0 0 1* 0
00 0 . K*

By paying attention to Equation (10) and Equation (14), the PLST optimization in Equation (7) can
be expressed as:

o (8) + (8} =

; (y — B(ty, tz)/j)’ W(p,0f,03) (X — B(ty, t2)€> + ﬁ:l*D*g}=

min
BeR2K+4E (n1+n;

. IW , 2’ 2 _ zBI t ,t W , 2' 2
ﬁeng;lzlzgﬂ {nl +n, (3: (p, 01, 05)y (t1, )W (p, 07,03 )[j

+ BB (t1, t)W (p, 0f, 01 B(tr, tz)ﬁ) @’A*D*é} =
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min "W(p, o2, d2)y —
ﬁem2K+4{n1+n2¥ (p,01,02)y n, +n,

1
T (n1 T, b W, af,03)B(ty,t;) + A*D*) ﬁ}

B,(tll tZ)W(p' 0121 0'22)3

With a little elaboration and using partial derivatives, we obtain the normal equation:

B’(tlr tZ)W(p' 0-12' 0-22) + 2 (

B,(tlﬂ tZ)W(pl 0121 GZZ)B(tll tZ) + /1* + D*> :8

I
)

n; +n,
The estimator for fis given by:

n, +n,

A

Lp * * -1 15
ﬁ = (EB (tlp tZ)W(p; 0-12) O-ZZ)B(tl; tz) +A +D ) EB (tll tZ)W(pr O—f’O-ZZ)Y'

withN = nq + n,
The Fourier Series estimator for the Birespon nonparametric regression curve, is given by:
fa, (t1)

]El(tp ty) = f;;(tz) = B(ty, tz)[il

-1

1 1
= B(t1, ) (3 B (0, )W (0,02, 69)B(t1,0) + D) LB (61,6 W (p, 0%,0)y

WlthH(/ll, Az) =

-1

1 1
B(t1,6) (3 B' (61, )W (9,0, 03)B (61, 8) + 2'D") 3B (04, 6)W (p, 07, 03)

3. Properties of the Bivariate Fourier Series Estimator
Equation (15), provides a Fourier Series estimator for the Birespon nonparametric regression
curve which can basically be expressed as a linear combination of observations (responses) y =

V1
<y2>' namely:

~ f):(tﬂ Y1
L) = = = H(A, ) y =HA, 25) | +.
Pl ) =\ ey | 7 AL 2 )

This equation shows that the Fourier Series estimator for the Birespon nonparametric regression
curve belongs to the class of linear estimators. Linear estimators in Inference Statistics, especially
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estimation theory, are very preferred, because this linear nature will make it easier to obtain
inferences for non-parametric Birespon regression curves. Even though this Fourier Series
estimator is classified as a linear estimator, this Fourier Series estimator is biased. This can be
shown as follows.
From Equation (15), we obtain:

f D\ ]

E []?(tp tz)] =E f;(tz) |

=E [H(/h, A2y

V1
()

E(y1)
= 0w e) <E(yl)>

fi(t1)

= H(Al'AZ) ]:z(tz)

fi1(t1)

VA

=f

4. Generalized Cross Validation (GCV) and Mean Square Error (MSE)
The shape of the Fourier Series estimator is strongly influenced by smoothing parameters

A . Therefore, ﬂoptimal selection needs to be done to get a good Fourier Series estimator. A
value will be chosen Athat minimizes the loss function L(1), but nonparametric regression
cannot be done directly because L(A) it still contains an g unknown function. The methods often
used in selecting smoothing parameters A are GCV and MSE, Green and Silverman, 1994). The
GCV method is one of the methods used to obtain estimates of smoothing parameters A obtained
by minimizing

MSE (/1)

GCV (4)=n" ~(16)
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n

where MSE (4 n‘lz ~§,(t))" and &;(4) are the diagonal elements of the matrix S(1)

satisfying gl(t) =S (ﬂ)y.

One measure for the accuracy of estimating the regression curve function is to use the
Mean Square Error (MSE) which is defined as follows: MSE (1)=n">(y, - g, (ti))2 .(17)
i=1

5. Application of the Fourier Series to data on rainy days and rainfall in cities Cilacap

In this research, an application was carried out to provide an overview of the Fourier Series
regression model. The application in this research was carried out to evaluate the goodness of the
GCV and MSE methods. Measurement reliability is based on the smallest E value obtained using
the GCV and MSE methods, using Veiten Software . Given two experimental curves, namely:
1. Trigonometric Functions :g(t) =sin(2zt%)
2. Exponential Function :g(t)=4,26(e" — 47 + 3e™).

The simulation procedures are described as follows:

Building a regression model y, =g(t)+¢;, i=12,...,n, and sample size n = 50 n = 100, n = 200

i )
with values K =5, K = 20. Given t, = —, by i =1,2,3,---,n. Generating &, [1 N(0,5°) ,by o* =0,1. After
n

generating the data, the X matrix , D matrix and hat matrix are calculated
S(A)=X(n*X'X+ AD)*ntX

Next, the estimator is calculated a(1) = (n_1X’ X+A4 D)fl n™"X'y, and

determine the Fourier Series estimator with §, (t)=S(4)y, so that we get

g,(t)= b(/i)t += ao(ﬁ,) + Zak (A) coskt . Select smoothing parameters using the UBR, CV and GCV

k=1
methods and compare the MSE values of the estimators where the optimal smoothing parameters
are selected using the UBR, CV and GCV methods.

4.4.1. Trigonometric Function Simulation : g(t) =sin(27t°%).
Below are presented the simulation results for trigonometric functions g(t) =sin(2zt?).
Plots of ('[i Y, ) , experimental curves of trigonometric functions where n =200, and ¢ =0,1, and

combined plots of generation data and and function curves are presented respectively. in Figure
4.1, and Figure 4.2
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................ (Dots) : Generation Data

Figure 1 Plots (ti, Y, ) for Trigonometric Functions g(t) =sin(2zt%),
with n =200 o =0,1

il =
L LEaet
e o
os | wrae” *:3@ iy
. L] 1“-".'. - -E\.
D A BN S 3
e o ¥ * = o *
0.5 )k'} "';;
'\;ﬂ '-;?I
11 “2.':;";" 4
1.5 - - ' ' - - - ' -
8] 0.1 0.2 [ARE} L4 05 (SN (Shrs (AN} (AR} 1
1
"""""""" (Dotted): Generation Data

(Red Line): Function g(t)
Figure 2 Trigonometric g(t) =sin(2zt*)Plots and Functions (ti,yi), with n = 200

c?=0,1

Next, a Fourier Series estimator plot is given for the generation data from one of the
replications for trigonometric functions g (t) with n=200, o* =0,1,
K =5 which are respectively given in Figure 4.3, Figure 4.4, Figure 4.5, and Figure 4.6.
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Next, the selection of optimal smoothing parameters A is selected using the UBR method
which was previously studied in sub-chapter 4.3. For the UBR method the equation used is as
follows:

UBR(Z)=n"'y'(S(4)~1) (S(2)~1)y+n"c?trace(S'(2)S(4))+
~n~Yc?trace(S(4)-1) (S(2)-1)
with S(4)is the hat matrix obtained from the Fourier Series g, (t)

Below are the intermediate plot results (ti,yi)for Fourier Series estimation for

trigonometric functions with n = 200, c?=0,1,K=5, presented in Figure 4.3 as follows:

1.5
1 o g g
;}.ﬁ."—'
0.5 ';:.,r".‘.
. H;;._-f-"i".‘
- Byt ="
- o 2'17_3."!‘_._.:‘“|r . '_.-
0.5
-1+
1.5 ! ! ! !
o 0.2 a4 0.6 0.8 1

----------- (Dots) : Generation Data
(Black Line)  : Function g(t)

(Blue Line): Fourier Series with UBR Method
Figure 3 Plot (ti,yi ) ,for Trigonometric Functions g(t)and Fourier Series Estimator with
UBR Method, n =200, ¢°=0,1,K=5
Next, to select the A optimal smoothing parameters using the CV method, the following

equation is used:
18 . 2

Cv (’1) - H;(yi -9 (ti ))
Given a plot (ti,yi)on the Fourier Series estimator for trigonometric functions g(t) using

the CV method with n =200, ¢?=0,1,
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K =5 is presented in Figure 4.4 as follows:

1.5

---------------- (Dotted): Generation Data
(Black Line)  : Function g(t)

(Green Line): Fourier Series with CV Method

Figure 4 Plot (t,Y;), Trigonometric Functions g(t)and Fourier Series Estimator with CV

Method for n =200, c2=0,1,K=5

Next, to select A optimal smoothing parameters using the GCV method, the following
equation is used:

Given a plot (ti,yi)on the Fourier Series estimator for trigonometric functions g(t) using

the GCV method with n =200, ¢°=0,1,

K =5 is presented in Figure 4.5 as follows:
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---------------- (Dotted): Generation Data
(Black Line): Function g(t)

(Red Line): Fourier Series with GCV Method
Figure 5 Plot (t;,Y;), Trigonometric Functions g(t)and Fourier Series Estimator using the GCV
Method forn=200, o2 =0,1,K=5
Next, a plot is given between (ti,yi)the function g(t)and the Fourier Series estimator

where A the optimum is selected using the UBR, CV and GCV methods for n =200, ¢°=0,1, K =

5, presented in Figure 4.6 as follows:

1.5
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Q.51
= 0 e g ) :.“ fﬂ-‘:f:::t‘ -
s 0 == *
-0.5
1t
=15 ! ! ! !
4] 0.2 0.4 0.6 0.8 1

(Dots) : Generation Data
(Black Line): Function g(t)
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(Blue Line): Fourier Series with UBR Method
(Green Line): Fourier Series with CV Method
(Red Line): Fourier Series with GCV Method
Figure 6 Trigonometric Function g(t)Plot of Fourier Series Estimator using UBR, CV, GCV

Methods for n =200, 6°=0,1,K=5
Evaluation of the goodness of the UBR, CV and GCV methods in selecting smoothing

parameters Ais reviewed based on the smallest MSE value produced by each method. The
following data simulation results, for optimal values A and MSE of the UBR, CV and GCV methods

are presented in Tabei 1 as follows:
Table 1 Simulation Results Optimal Value A and MSE of the UBR, CV and GCV Methods in

the Fourie Series Estimator with Function g(t) =sin(2zt?), where
n=50,n=100,n =200, c>=0,land K=5,K=20

UBR method CV method GCV method

N var k
;Loptimal MSE UBR ;Loptimal MSE CV ﬂ’optimal MSE GCV

5 0.2067 0.0019053 0.107620 | 0.004077 | 0.015056 |0.021495

50 | 0.1

20 0.08617 0.014198 0.045473 | 0.019947 | 0.003230 |0.0359330

100 | 0.1 5 0.20015 0.0021103 0.102020 | 0.0040874 | 0.014231 |0.0179270
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20 | 0.094627 0.013752 0.048525 | 0.020311 | 0.003442 |0.0359630

5 0.1808 0.0023361 0.091257 | 0.0044296 | 0.012714 |0.0179280

200 | 0.1

20 0.10285 0.013313 0.052058 | 0.020157 | 0.003691 |0.0375740

Visually, the MSE value in Table 4.1 can be displayed in the bar diagram in Figure 4.7

Lo o

0.035
[y s
[
[y
[m
[Ny
[ i =)
(]
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Figure 7 : Bar Diagram of MSE Values for Trigonometric Functions g(t), for
n=50,n=100,n=200, o =0,landK=5,K=20
By paying attention to the MSE values from the UBR, CV and GCV methods in Table 4.1
and Figure 4.7, it can be concluded as follows:
1. At sample sizes n =50, n = 100, n = 200, o° =0,1and K=5, K = 20, the MSE UBR value is smaller
than the MSE CV and GCV values, so the UBR method is better than the CV and GCV methods

2. At sample sizes n =50, n = 100, n = 200, o =0,1and K =5, K = 20, the MSE CV value obtained

202
IJETER, Volume 02 Issue 03, 2024

Copyright to the author of some rights reserved This work is licensed under aCreative
Commons Attribution-ShareAlike 4.0 International License.



https://e-journal.citakonsultindo.or.id/index.php/IJETER
http://creativecommons.org/licenses/by-sa/4.0/
http://creativecommons.org/licenses/by-sa/4.0/

International Journal of Technology and Education Research

https://e-journal.citakonsultindo.or.id /index.php /IJETER

E-ISSN: 2986-0733

is smaller than the GCV method, so the CV method is better than the GCV method.
Based on the simulation results of the Fourir Series estimator with trigonometric
functions in Table 4.1 and Figure 4.7, it can be explained that the UBR method is more suitable
than the CV and GCV methods. The same thing also happens for experiment two for samples n =

50, n =100, n =200, o> =0,landK=5, K =20
The complete results for this can be seen in Appendix 5.
4.4.2. Exponential Function Simulation: g(t) = 4,26 (e ™" — 4e ™ + 3¢™)
The following describes the simulation results for the exponential function

g(t)=4,26(e" — 4e™ + 3e™™). The plot between (t,y;), the experimental curve of the

trigonometric function where n = 200, and ¢ =0,1, the combined plot of both are presented
respectively in Figure 4.8, and Figure 4.9.
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---------------- (Dotted): Generation Data
Figure 4.8 Plot ({;, Yi) and Exponent Function g(t) =4,26 (e — 4> + 3e™)

with n= 20002 =0,1
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---------------- (Dotted): Generation Data
(Red Line): Function g(t)
Figure 9 Plot (t;,Y;) and Exponent Function g(t) =4,26 (e — 4™ + 3e™)
with n =200 o’ =0,1.
Below is a plot of the Fourier Series estimator for generation data from one of the
replications for the exponential function g(t) with n =200, o> =0,1,

K = 5 which are respectively given in Figure 4.10, Figure 4.11, Figure 4.12, and Figure 4.13. The
UBR equation method used is as follows:

UBR(2)=n"y'(S(4)-1) (S(2)~1)y+n‘o?trace(S'(2)S(4))+
n~o?trace(S(2)-1) (S(2)-1)
Figure 4.10 presents a plot between (ti Y ) the exponential function g(t)and the Fourier

Series estimator where A the optimum is selected using the UBR method. The smoothing
parameters using the UBR method at certain intervals coincide with each other so it can be said
that the UBR method still follows the function g(t). Simulation results for an exponential function

g(t)with n =200, o°=0,1, K =5 are presented in Figure 4.10 as follows:

"""""""" (Dotted): Generation Data
(Black Line): Function g(t)

(Blue Line): Fourier Series with UBR Method
Figure 10 Exponential Function PIot(ti, yi) g(t) and Fourier Series Estimator with the UBR
Method for n =200, ¢°=0,1,Kk=5
Next, to select the A optimal smoothing parameters using the CV method, the following equation is
used:
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n

Z(yi -4, (ti ))2

i=1

CV (4)=

S|

Figure 4.11 presents a plot between (ti, yi)the exponential function g(t)and the Fourier
Series estimator where the A optimal smoothing parameters are selected using the CV method
for n =200, 0?=0,1, K =5. The CV smoothing parameters are very close to the function g(t),

even at certain intervals they coincide with each other.
Simulation results for the Fourier Series estimator plot for an exponential function g(t)

with n =200, o?=0,1,K=5 are presented in Figure 4.11 as follows:

0.2

---------------- (Dotted): Generation Data
(Black Line): Function g(t)

(Green line): Fourier Series with CV Method

Figure 11 Plot (ti,yi), Exponential Function g(t)and Fourier Series Estimator with CV
Method for n =200, o°=0,1,K=5

Next, choose the A optimal smoothing parameters using the GCV method. For the GCV method
the equation used is as follows:

2
n —4, (t
GCV (4)=n")" (.26 (t))
Figure 4.12 presents an intermediate plot (ti,yi)of the exponential function g(t) and a

Fourier Series estimator where the A optimal smoothing parameters are selected using the GCV
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method for n =200, o° =0,1, K=5. The GCV smoothing parameters are very close to the function
g(t). The simulation results using the GCV method and the Fourier Series estimator plot for the

exponential function g(t) are presented in Figure 4.12 as follows:

0.2

---------------- (Dotted): Generation Data
(Black Line): Function g(t)

(Red Line): Fourier Series with GCV Method
Figure 12 Plot (t;,Y;), Exponential Function g(t)and Fourier Series Estimator using GCV

Method for n =200, c2=0,1,K=5

Next is the plot between (ti, yi)the exponential function g(t)and the Fourier Series
estimator where the A optimal smoothing parameters are selected using the UBR, CV and GCV
methods for n = 200, o =0,1, K = 5. The combination of these three methods looks very close
to the Fourier Series estimator, even at certain intervals they coincide with each other. so it can
be said that the UBR, CV and GCV methods still follow the function g(t). The simulation results
using the UBR, CV and GCV methods and the Fourier Series estimator plot for the exponential
function g(t)are presented in Figure 13 as follows:
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0.2

-------------- (Dots) : Generation Data

— (BlackLine) : Function g(t)
(Blue Line : Fourier Series using the UBR Method
Green Line : Fourier Series with CV Method
Red Line): Fourier Series with GCV Method

Figure 13 Plot of (ti, Y, ) the Exponent Function of g(t) the Fourier Series Estimator using the
UBR, CV, GCV Method, n =200, o =0,1,and K=5

Below we investigate the MSE value for the Fourier Series estimator where the value A.
optimal for each is selected by UBR, CV and GCV methods. Table 4.2 and Figure 4.14 present the
MSE values for each method

n=50,n=100,n=200, c°=0,landK=5, K=20
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Table 4.2 Simulation Results Optimal value A and MSE of UBR, CV and GCV methods
on the Fourie Series Estimator with Functions g(t) = 4,26(e™" — 4e™* + 3e™*), n=50, n = 100,

n=200, o?=0,1landK=5,K=20

IJETER, Volume 02 Issue 03, 2024

Commons Attribution-ShareAlike 4.0 International License.

UBR method CV method GCV method
n var k
/?’optimal MSE UBR /?’optimal MSE CV /?’optimal MSE GCV
5 0.208130 | 0.0029387 0.108360 0.0056457 | 0.015160 0.02517
50 0.1
20 | 0.023513 | 0.0011852 0.012408 0.0013142 | 0.000881 | 0.0015975
5 0.018596 | 0.0010388 0.009479 0.0010671 | 0.001322 | 0.0010937
100 | 0.1
20 | 0.017993 | 0.0012463 0.009227 0.001326 | 0.000654 | 0.0014255
200 | 0.1 5 0.025844 | 0.0014638 0.013044 0.0016284 | 0.001807
0.0018173
208
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20 | 0.019389 | 0.0012701 | 0.009814 | 0.0013433 | 0.000696 | 0.0014924

It can be seen from Table 4.2 for each method and all sample sizes of n =50, n =100, n =
200, o> =0,1and K=5, K=20in the exponential function that in general it is found that the MSE
value of the UBR method tends to be smaller than the MSE method CV and MSE GCV methods.

00018
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0.001 4
0.001 2
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Figure 14 : Bar Diagram of MSE Values for Exponential Functions
g(t)=4,26(e"' — 4> + 3e™)
n=50,n=100,n=200, o*=0,1and K=5, K= 20
Visually, the MSE values for each method are shown in Table 4.2 and Figure 4.14 for all
sample sizes n = 50, n = 100, n = 200, o?=0,1and K = 5, K = 20 for exponential functions
g(t)=4,26(e"" — 4 + 3e™).
Based on the simulation results of the Fourir Series estimator with the exponential

function Table 4.2 and Figure 4.14 it can be explained as follows:
1. The MSE value of the UBR method is smaller than the MSE of the CV method and MSE of the

GCV method, with sample sizes of n =50, n = 100, n =200, o =0,1andK=5,K=20.
2. Meanwhile, the MSE value of the CV method is smaller than the GCV method with sample sizes
of n=50,n=100,n =200, ¢°=0,1andK=5,Kk=20.
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3. If the K value becomes greater, the MSE value becomes greater for both the UBR, CV and GCV
methods, but this has no effect because the MSE for the UBR method is smaller.

CONCLUSSION

Overall it is good to use trigonometric functions and exponential functions, if the K value
is greater then the MSE value becomes greater for both UBR, CV and GCV methods for sample
sizes n =50, n =100, n =200, o =0,1land K=5,K=20. So it can be concluded that even though
K is getting bigger it has no effect on the UBR method, because the UBR method tends to be
smaller. So of these three methods the UBR method is more suitable and better than the CV
method and GCV method for the Fourir Series estimator in nonparametric regression. The
complete results for this can be seen in Appendix 5.
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